
Chapter 3

Homogeneous Lie groups

By definition a homogeneous Lie group is a Lie group equipped with a family of
dilations compatible with the group law. The abelian group (Rn,+) is the very
first example of homogeneous Lie group. Homogeneous Lie groups have proved to
be a natural setting to generalise many questions of Euclidean harmonic analysis.
Indeed, having both the group and dilation structures allows one to introduce
many notions coming from the Euclidean harmonic analysis. There are several
important differences between the Euclidean setting and the one of homogeneous
Lie groups. For instance the operators appearing in the latter setting are usually
more singular than their Euclidean counterparts. However it is possible to adapt
the technique in harmonic analysis to still treat many questions in this more
abstract setting.

As explained in the introduction (see also Chapter 4), we will in fact study
operators on a subclass of the homogeneous Lie group, more precisely on graded
Lie groups. A graded Lie group is a Lie group whose Lie algebra admits a (N)-
gradation. Graded Lie groups are homogeneous and in fact the relevant structure
for the analysis of graded Lie groups is their natural homogeneous structure and
this justifies presenting the general setting of homogeneous Lie groups. From the
point of view of applications, the class of graded Lie groups contains many inter-
esting examples, in fact all the ones given in the introduction. Indeed these groups
appear naturally in the geometry of certain symmetric domains and in some subel-
liptic partial differential equations. Moreover, they serve as local models for contact
manifolds and CR manifolds, or for more general Heisenberg manifolds, see the
discussion in the Introduction.

The references for this chapter of the monograph are [FS82, ch. I] and
[Goo76], as well as Fulvio Ricci’s lecture notes [Ric]. However, our conventions
and notation do not always follow the ones of these references. The treatment
in this chapter is, overall, more general than that in the above literature since
we also consider distributions and kernels of complex homogeneous degrees and
adapt our analysis for subsequent applications to Sobolev spaces and to the op-
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92 Chapter 3. Homogeneous Lie groups

erator quantization developed in the following chapters. Especially, our study of
complex homogeneities allows us to deal with complex powers of operators (e.g.
in Section 4.3.2).

3.1 Graded and homogeneous Lie groups

In this section we present the definition and the first properties of graded Lie
groups. Since many of their properties can be explained in the more general setting
of homogeneous Lie groups, we will also present these groups.

3.1.1 Definition and examples of graded Lie groups

We start with definitions and examples of graded and stratified Lie groups.

Definition 3.1.1. (i) A Lie algebra g is graded when it is endowed with a vector
space decomposition (where all but finitely many of the Vj ’s are {0}):

g =

∞⊕
j=1

Vj such that [Vi, Vj ] ⊂ Vi+j .

(ii) A Lie group is graded when it is a connected simply connected Lie group
whose Lie algebra is graded.

The condition that the group is connected and simply connected is technical
but important to ensure that the exponential mapping is a global diffeomorphism
between the group and its Lie algebra.

The classical examples of graded Lie groups and algebras are the following.

Example 3.1.2 (Abelian case). The abelian group (Rn,+) is graded: its Lie algebra
Rn is trivially graded, i.e. V1 = Rn.

Example 3.1.3 (Heisenberg group). The Heisenberg group Hno
given in Example

1.6.4 is graded: its Lie algebra hno
can be decomposed as

hno
= V1 ⊕ V2 where V1 = ⊕no

i=1RXi ⊕ RYi and V2 = RT.

(For the notation, see Example 1.6.4 in Section 1.6.)

Example 3.1.4 (Upper triangular matrices). The group Tno of no × no matrices
which are upper triangular with 1 on the diagonal is graded: its Lie algebra tno of
no × no upper triangular matrices with 0 on the diagonal is graded by

tno = V1 ⊕ . . .⊕ Vno−1 where Vj = ⊕no−j
i=1 REi,i+j .

(For the notation, see Example 1.6.5 in Section 1.6.) The vector space Vj is formed
by the matrices with only non-zero coefficients on the j-th upper off-diagonal.
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As we will show in Proposition 3.1.10, a graded Lie algebra (hence possessing
a natural dilation structure) must be nilpotent. The converse is not true, see
Remark 3.1.6, Part 2.

Examples 3.1.2–3.1.4 are stratified in the following sense:

Definition 3.1.5. (i) A Lie algebra g is stratified when g is graded, g = ⊕∞
j=1Vj ,

and the first stratum V1 generates g as an algebra. This means that every
element of g can be written as a linear combination of iterated Lie brackets
of various elements of V1.

(ii) A Lie group is stratified when it is a connected simply connected Lie group
whose Lie algebra is stratified.

Remark 3.1.6. Let us make the following comments on existence and uniqueness
of gradations.

1. A gradation over a Lie algebra is not unique: the same Lie algebra may
admit different gradations. For example, any vector space decomposition of
Rn yields a graded structure on the group (Rn,+). More convincingly, we
can decompose the 3 dimensional Heisenberg Lie algebra h1 as

h1 =

3⊕
j=1

Vj with V1 = RX1, V2 = RY1, V3 = RT.

This last example can be easily generalised to find several gradations on the
Heisenberg groups Hno

, no = 2, 3, . . . , which are not the classical ones given
in Example 3.1.3. Another example would be

h1 =

8⊕
j=1

Vj with V3 = RX1, V5 = RY1, V8 = RT, (3.1)

and all the other Vj = {0}.
2. A gradation may not even exist. The first obstruction is that the existence

of a gradation implies nilpotency; in other words, a graded Lie group or a
graded Lie algebra are nilpotent, as we shall see in the sequel (see Proposition
3.1.10). Even then, a gradation of a nilpotent Lie algebra may not exist. As a
curiosity, let us mention that the (dimensionally) lowest nilpotent Lie algebra
which is not graded is the seven dimensional Lie algebra given by the following
commutator relations:

[X1, Xj ] = Xj+1 for j = 2, . . . , 6, [X2, X3] = X6,

[X2, X4] = [X5, X2] = [X3, X4] = X7.

They define a seven dimensional nilpotent Lie algebra of step 6 (with basis
{X1, . . . , X7}). It is the (dimensionally) lowest nilpotent Lie algebra which
is not graded. See, more generally, [Goo76, ch.I §3.2].
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3. To go back to the problem of uniqueness, different gradations may lead to
‘morally equivalent’ decompositions. For instance, if a Lie algebra g is graded
by g = ⊕∞

j=1Vj then it is also graded by g = ⊕∞
j=1Wj whereW2j′+1 = {0} and

W2j′ = Vj′ . This last example motivates the presentation of homogeneous Lie
groups: indeed graded Lie groups are homogeneous and the natural homoge-
neous structure for the graded Lie algebra

g = ⊕∞
j=1Vj = ⊕∞

j=1Wj

is the same for the two gradations.

Moreover, the relevant structure for the analysis of graded Lie groups
is their natural homogeneous structure.

4. There are plenty of graded Lie groups which are not stratified, simply because
the first vector subspace of the gradation may not generate the whole Lie
algebra (it may be {0} for example). This can also be seen in terms of dilations
defined in Section 3.1.2. Moreover, a direct product of two stratified Lie
groups is graded but may be not stratified as their stratification structures
may not ‘match’. We refer to Remark 3.1.13 for further comments on this
topic.

3.1.2 Definition and examples of homogeneous Lie groups

We now deal with a more general subclass of Lie groups, namely the class of
homogeneous Lie groups.

Definition 3.1.7. (i) A family of dilations of a Lie algebra g is a family of linear
mappings

{Dr, r > 0}
from g to itself which satisfies:

– the mappings are of the form

Dr = Exp(A ln r) =
∞∑
�=0

1

�!
(ln(r)A)�,

where A is a diagonalisable linear operator on g with positive eigen-
values, Exp denotes the exponential of matrices and ln(r) the natural
logarithm of r > 0,

– each Dr is a morphism of the Lie algebra g, that is, a linear mapping
from g to itself which respects the Lie bracket:

∀X,Y ∈ g, r > 0 [DrX,DrY ] = Dr[X,Y ].

(ii) A homogeneous Lie group is a connected simply connected Lie group whose
Lie algebra is equipped with dilations.
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(iii) We call the eigenvalues of A the dilations’ weights or weights. The set of
dilations’ weights, or in other worlds, the set of eigenvalues of A is denoted
by WA.

We can realise the mappings A and Dr in a basis of A-eigenvectors as the
diagonal matrices

A ≡

⎛⎜⎜⎜⎝
υ1

υ2
. . .

υn

⎞⎟⎟⎟⎠ and Dr ≡

⎛⎜⎜⎜⎝
rυ1

rυ2

. . .

rυn

⎞⎟⎟⎟⎠ .

The dilations’ weights are υ1, . . . , υn.

Remark 3.1.8. Note that if {Dr} is a family of dilations of the Lie algebra g, then
D̃r := Drα := Exp(αA ln r) defines a new family of dilations {D̃r, r > 0} for any
α > 0. By adjusting α if necessary, we may assume that the dilations’ weights
satisfy certain properties in order to compare different families of dilations and
in order to fix one of such families. For example in [FS82], it is assumed that the
minimum eigenvalue is 1.

Graded Lie algebras are naturally equipped with dilations: if the Lie algebra
g is graded by

g = ⊕∞
j=1Vj ,

then we define the dilations

Dr := Exp(A ln r)

where A is the operator defined by AX = jX for X ∈ Vj .

The converse is true:

Lemma 3.1.9. If a Lie algebra g has a family of dilations such that the weights are
all rational, then g has a natural gradation.

Proof. By adjusting the weights (see Remark 3.1.8), we may assume that all the
eigenvalues are positive integers. Then the decomposition in eigenspaces gives the
the gradation of the Lie algebra. �

Before discussing the dilations in the examples given in Section 3.1.1 and
other examples of homogeneous Lie groups, let us state the following crucial prop-
erty.

Proposition 3.1.10. The following holds:

(i) A Lie algebra equipped with a family of dilations is nilpotent.

(ii) A homogeneous Lie group is a nilpotent Lie group.
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Proof of Proposition 3.1.10. Let {Dr = Exp(A ln r)} be the family of dilations.
By Remark 3.1.8, we may assume that the smallest weight is 1. For υ ∈ WA let
Wυ ⊂ g be the corresponding eigenspace of A. If υ ∈ R but υ /∈ WA then we set
Wυ := {0}.

Thus DrX = rυX for X ∈Wυ. Moreover, if X ∈Wυ and Y ∈Wυ′ then

Dr[X,Y ] = [DrX,DrY ] = rυ+υ′
[X,Y ]

and hence
[Wυ,Wυ′ ] ⊂Wυ+υ′ .

In particular, since υ ≥ 1 for υ ∈ WA, we see that the ideals in the lower series of
g (see (1.18)) satisfy

g(j) ⊂ ⊕a≥jWa.

Since the set WA is finite, it follows that g(j) = {0} for j sufficiently large. Con-
sequently the Lie algebra g and its corresponding Lie group G are nilpotent. �

Let G be a homogeneous Lie group with Lie algebra g endowed with dilations
{Dr}r>0. By Proposition 3.1.10, the connected simply connected Lie group G
is nilpotent. We can transport the dilations to the group using the exponential
mapping expG = exp of G (see Proposition 1.6.6 (a)) in the following way: the
maps

expG ◦Dr ◦ exp−1
G , r > 0,

are automorphisms of the group G; we shall denote them also by Dr and call them
dilations on G. This explains why homogeneous Lie groups are often presented as
Lie groups endowed with dilations.

We may write

rx := Dr(x) for r > 0 and x ∈ G.

The dilations on the group or on the Lie algebra satisfy

Drs = DrDs, r, s > 0.

As explained above, Examples 3.1.2, 3.1.3 and, 3.1.4 are naturally homoge-
neous Lie groups:

In Example 3.1.2: The abelian group (Rn,+) is homogeneous when equipped with
the usual dilations Drx = rx, r > 0, x ∈ Rn.

In Example 3.1.3: The Heisenberg group Hno
is homogeneous when equipped with

the dilations

rh = (rx, ry, r2t), h = (x, y, t) ∈ Rno × Rno × R.

The corresponding dilations on the Heisenberg Lie algebra hno
are given by

Dr(Xj) = rXj , Dr(Yj) = rYj , j = 1, . . . , no, and Dr(T ) = r2T.
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In Example 3.1.4: The group Tno
is homogeneous when equipped with the dilations

defined by

[Dr(M)]i,j = rj−i[M ]i,j 1 ≤ i < j ≤ no, M ∈ Tno
.

The corresponding dilations on the Lie algebra tno are given by

Dr(Ei,j) = rj−iEi,j 1 ≤ i < j ≤ no.

As already seen for the graded Lie groups, the same homogeneous Lie group
may admit various homogeneous structures, that is, a nilpotent Lie group or al-
gebra may admit different families of dilations, even after renormalisation of the
eigenvalues (see Remark 3.1.8). This can already be seen from the examples in
the graded case (see Remark 3.1.6 part 1). These examples can be generalised as
follows.

Example 3.1.11. On Rn we can define

Dr(x1, . . . , xn) = (rυ1x1, . . . , r
υnxn),

where 0 < υ1 ≤ . . . ≤ υn, and on Hno we can define

Dr(x1, . . . , xno , y1, . . . , yno , t) = (rυ1x1, . . . , r
υnoxno , r

υ′
1y1, . . . , r

υ′
no yno , r

υ′′
t),

where υj > 0, υ′
j > 0 and υj + υ′

j = υ′′ for all j = 1, . . . , no.
These families of dilations give graded structures whenever the weights υj

for Rn and υj , υ
′
j , υ

′′ for Hno
are all rational or, more generally, all in αQ+ for

a fixed α ∈ R+. From this remark it is not difficult to construct a homogeneous
non-graded structure: on R3, consider the diagonal 3 × 3 matrix A with entries,
e.g., 1 and π and 1 + π.

Example 3.1.12. Continuing the example above, choosing the υj and υ′
j ’s rational

in a certain way, it is also possible to find a homogeneous structure for Hno such
that the corresponding gradation of hno = ⊕∞

j=1Vj does exist but is necessarily
such that V1 = {0}: we choose υj , υ

′
j positive integers different from 1 but with

1 as greatest common divisor (for instance for no = 2, take υ1 = 3, υ2 = 2, υ′
1 =

5, υ′
2 = 6 and υ′′ = 8). As an illustration for Corollary 4.1.10 in the sequel, with

this example, the homogeneous dimension is Q = 3+ 2+ 5+ 6+ 8 = 24 while the
least common multiple is νo = 2× 3× 5 = 30, so we have here Q < νo.

If nothing is specified, we assume that the groups (Rn,+) and Hno
are en-

dowed with their classical structure of graded Lie groups as described in Examples
3.1.2 and 3.1.3.

Remark 3.1.13. We continue with several comments following those given in Re-
mark 3.1.6.
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1. The converse of Proposition 3.1.10 does not hold, namely, not every nilpotent
Lie algebra or group admits a family of dilations. An example of a nine di-
mensional nilpotent Lie algebra which does not admit any family of dilations
is due to Dyer [Dye70].

2. A direct product of two stratified Lie groups is graded but may be not strat-
ified as their stratification structures may not ‘match’. This can be also seen
on the level of dilations defined in Section 3.1.2. Jumping ahead and using
the notion of homogeneous operators, we see that this remark may be an
advantage for example when considering the sub-Laplacian L = X2 + Y 2 on
the Heisenberg group H1. Then the operator

−L+ ∂k
t

for k ∈ N odd, becomes homogeneous on the direct product H1 × R when it
is equipped with the dilation structure which is not the one of a stratified
Lie group, see Lemma 4.2.11 or, more generally, Remark 4.2.12.

3. In our definition of a homogeneous structure we started with dilations defined
on the Lie algebra inducing dilations on the Lie group. If we start with a Lie
group the situation may become slightly more involved. For example, R3 with
the group law

xy = (arcsinh(sinh(x1) + sinh(y1)), x2 + y2 + sinh(x1)y3, x3 + y3)

is a 2-step nilpotent stratified Lie group, the first stratum given by

X = cosh(x1)
−1∂x1 , Y = sinh(x1)∂x2 + ∂x3 ,

and their commutator is
T = [X,Y ] = ∂x2 .

It may seem like there is no obvious homogeneous structure on this group
but we can see it going to its Lie algebra which is isomorphic to the Lie
algebra h1 of the Heisenberg group H1. Consequently, the above group itself
is isomorphic to H1 with the corresponding dilation structure.

4. In fact, the same argument as above shows that if we defined a stratified
Lie group by saying that there is a collection of vector fields on it stratified
with respect to their commutation relations, then for every such stratified
Lie group there always exists a homogeneous stratified Lie group isomorphic
to it. Indeed, since the Lie algebra is stratified and has a natural dilation
structure with integer weights, we obtain the required homogeneous Lie group
by exponentiating this Lie algebra. We refer to e.g. [BLU07, Theorem 2.2.18]
for a detailed proof of this.

Refining the proof of Proposition 3.1.10, we can obtain the following techni-
cal result which gives the existence of an ‘adapted’ basis of eigenvectors for the
dilations.
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Lemma 3.1.14. Let g be a Lie algebra endowed with a family of dilations {Dr, r >
0}. Then there exists a basis {X1, . . . , Xn} of g, positive numbers υ1, . . . , υn > 0,
and an integer n′ with 1 ≤ n′ ≤ n such that

∀t > 0 ∀j = 1, . . . , n Dt(Xj) = tυjXj , (3.2)

and
[g, g] ⊂ RXn′+1 ⊕ . . .⊕ RXn. (3.3)

Moreover, X1, . . . , Xn′ generate the algebra g, that is, any element of g can be
written as a linear combination of these vectors together with all their iterated Lie
brackets.

This result and its proof are due to ter Elst and Robinson (see [tER97,
Lemma 2.2]). Condition (3.2) says that {Xj}nj=1 is a basis of eigenvectors for the
mapping A given by

Dr = Exp(A ln r).

Condition (3.3) says that this basis can be chosen so that the first n′ vectors of
this basis generate the whole Lie algebra and the others span (linearly) the derived
algebra [g, g].

Proof of Lemma 3.1.14. We continue with the notation of the proof of Proposi-
tion 3.1.10. For each weight υ ∈ WA, we choose a basis

{Yυ,1, . . . , Yυ,d′
υ
, Yυ,d′

υ+1, . . . , Yυ,dυ
} of Wυ

such that {Yυ,d′
υ+1, . . . , Yυ,dυ} is a basis of the subspace

Wυ

⋂(
Span

⋃
υ′+υ′′=υ

[Wυ′ ,Wυ′′ ]

)
.

Since g = ⊕υ∈WA
Wυ, we have by construction that

[g, g] ⊂ Span {Yυ,j : υ ∈ WA, d′υ + 1 ≤ j ≤ dυ} .
Let h be the Lie algebra generated by

{Yυ,j : υ ∈ WA, 1 ≤ j ≤ d′υ} . (3.4)

We now label and order the weights, that is, we write

WA = {υ1, . . . , υm}
with 1 ≤ υ1 < . . . < υm. It follows by induction on N = 1, 2 . . . ,m that ⊕N

j=1Wυj

is contained in h and hence h = g and the set (3.4) generate (algebraically) g.
A basis with the required property is given by

Yυ1,1, . . . , Yυ1,d′
υ1
, . . . , Yυm,1, . . . , Yυm,d′

υm
for X1, . . . , Xn′ ,

and

Yυ1,d′
υ1

+1, . . . , Yυ1,dυ1
, . . . , Yυm,d′

υm
+1, . . . , Yυm,dυm

for Xn′+1, . . . , Xn.

�


