
Appendix A

Miscellaneous

In this chapter we collect a number of analytic tools that are used at some point
in the monograph. These are all well-known, and we present them without proofs
providing references to relevant sources when needed. Thus, here we make short
expositions of topics including local hypoellipticity and solvability, operator semi-
groups, fractional powers of operators, singular integrals, almost orthogonality,
and the analytic interpolation.

A.1 General properties of hypoelliptic operators

In this section, we recall the definition and first properties of locally hypoelliptic
operators. We will also point out the useful duality between local solvability and
local hypoellipticity in Theorem A.1.3.

Roughly speaking, a differential operator L is (locally) hypoelliptic if when-
ever u and f are distributions satisfying Lu = f , u must be smooth where f is
smooth. Usually, we omit the word ‘local’ and just speak of hypoellipticity. More
precisely:

Definition A.1.1. Let Ω be an open subset of Rn and let L be a differential op-
erator on Ω with smooth coefficients. Then L is said to be hypoelliptic if, for any
distribution u ∈ D′(Ω) and any open subset Ω′ of Ω, the condition Lu ∈ C∞(Ω′)
implies that u ∈ C∞(Ω′).

This definition extends to an open subset of a smooth manifold.

Of course elliptic operators such as Laplace operators are hypoelliptic. Less
obvious examples are provided by the celebrated Hörmander’s Theorem on sums
of squares of vector fields [Hör67a] which we recall here even if we will not use it
in this monograph:

Theorem A.1.2 (Hörmander sum of squares). Let Xo, X1, . . . , Xp be smooth real-
valued vector fields on an open set Ω ⊂ Rn, and let co ∈ C∞(Ω). We assume
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that the vector fields Xo, X1, . . . , Xp satisfy Hörmander’s condition, that is, the
Lie algebra generated by {Xo, X1, . . . , Xp} is of dimension n at every point of Ω.
Then the operator X2

1 + . . .+X2
p +Xo + c is hypoelliptic on Ω.

This extends to smooth manifolds.

Consequently any sub-Laplacian (see Definition 4.1.6) on a stratified Lie
group is hypoelliptic on the whole group since any basis of the first stratum satisfies
Hörmander’s condition.

Hörmander’s condition in Theorem A.1.2 is sufficient but not necessary for
the hypoellipticity of sums of squares, thus allowing for sharper versions, see e.g.
[BM95].

In the following sense, local hypoellipticity is dual to local solvability:

Theorem A.1.3. Let L be hypoelliptic on Ω. Then Lt is locally solvable at every
point of Ω.

Let us briefly recall the definitions of the local solvability and of transpose:

Definition A.1.4. Let L be a linear differential operator with smooth coefficients
on Ω. We say that L is locally solvable at x ∈ Ω if x has an open neighbourhood
V in Ω such that, for every function f ∈ D(V ) there is a distribution u ∈ D′(V )
satisfying Lu = f on V .

Definition A.1.5. The transpose of a differential operator L with smooth coeffi-
cients on an open subset Ω of Rn is the operator, denoted by Lt, given by

∀φ, ψ ∈ D(Ω) 〈Lφ, ψ〉 = 〈φ, Ltψ〉.

This extends to manifolds.

Note that if
Lf(x) =

∑
|α|≤m

aα(x)∂
αf(x),

then
Ltf(x) =

∑
|α|≤m

∂α
(
aα(x)f(x)

)
=

∑
|α|≤m

bα(x)∂
αf(x),

where the bα’s are linear combinations of derivatives of the aα’s, in particular they
are smooth functions.

We will need the following property:

Theorem A.1.6 (Schwartz-Trèves). Let L be a differential operator with smooth
coefficients on an open subset Ω of Rn. We assume that L and Lt are hypoelliptic
on Ω ⊂ Rn. Then the D′(Ω) and C∞(Ω) topologies agree on

NL(Ω) = {f ∈ D′(Ω) : Lf = 0}.

For its proof, we refer to [Tre67, Corollary 1 in Ch. 52].


