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Definition 1.5.4. Let u ∈ E ′(G) and v ∈ D′(G). Then we define their convolution
as

〈u ∗ v, φ〉 := 〈u, φ ∗ ṽ〉, ∀φ ∈ D(G).

This gives u∗v ∈ D′(G) which is consistent with the convolution of functions
in view of (1.15). If we start with a compactly supported distribution v ∈ E ′(G) in
Definition 1.5.3, we arrive at the definition of the composition u ∗ v for u ∈ D′(G)
and v ∈ E ′(G), given by the same formula as in Definition 1.5.4.

A word of caution has to be said about convolution of distributions, namely,
it is not in general associative for distributions, although it is associative for func-
tions.

1.6 Nilpotent Lie groups and algebras

From now on, any Lie algebra g is assumed to be real and finite dimensional.

Proposition 1.6.1. The following are equivalent:

• ad is a nilpotent endomorphism over g, i.e.

∃k ∈ N ∀X ∈ g (adX)k = 0;

• the lower central series of g, defined inductively by

g(1) := g, g(j) := [g, g(j−1)], (1.18)

terminates at 0 in a finite number of steps.

Definition 1.6.2. (i) If a Lie algebra g satisfies any of the equivalent conditions
of Proposition 1.6.1, then it is called nilpotent.

(ii) Moreover, if g(s+1) = {0} and g(s) �= {0}, then g is said to be nilpotent of
step s.

(iii) A Lie group G is nilpotent (of step s) whenever its Lie algebra is nilpotent
(of step s).

Here are some examples of nilpotent Lie groups and their Lie algebras.

Example 1.6.3. The abelian group Rn equipped with the usual addition is nilpo-
tent. Its Lie algebra is Rn equipped with the trivial Lie bracket.

Example 1.6.4. If no ∈ N, the Heisenberg group Hno is the Lie group whose
underlying manifold is R2no+1 and whose law is

h1h2 =
(
x1 + x2, y1 + y2, t1 + t2 +

1

2
(x1y2 − y1x2)

)
, (1.19)
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for h1 = (x1, y1, t1) and h2 = (x2, y2, t2) in Rno × Rno × R. Here, for vectors
x1, y1, x2, y2 ∈ Rno , we denote by x1y2 and y1x2 their usual inner products on
Rno .

Its Lie algebra hno
is R2no+1 equipped with the Lie bracket given by the

commutator relations of its canonical basis {X1, . . . , Xno
, Y1, . . . , Yno

, T}:

[Xj , Yj ] = T for j = 1, . . . , no,

and all the other Lie brackets (apart from those obtained by anti-symmetry) are
trivial.

In the case no = 1, we will often simplify the notation and write X,Y, T for
the basis of h1, etc...

Example 1.6.5. Let Tno
be the group of no×no matrices which are upper triangular

with 1 on the diagonal. The matrix group Tno
is a nilpotent Lie group.

It can be proved that any (connected simply connected) nilpotent Lie group
can be realised as a subgroup of Tno

.
Its Lie algebra tno is the space of no × no matrices which are upper triangle

with 0 on the diagonal. A basis is {Ei,j , 1 ≤ i < j ≤ no} where Ei,j is the matrix
with all zero entries except the i-th row and j-th column which is 1.

Proposition 1.6.6. Let G be a connected simply connected nilpotent Lie group with
Lie algebra g. Then

(a) The exponential map expG is a diffeomorphism from g onto G.

(b) If G is identified with g via expG, the group law (x, y) �→ xy is a polynomial
map.

(c) If dλg denotes a Lebesgue measure on the vector space g, then dλg ◦ exp−1
G is

a bi-invariant Haar measure on G.

This proposition can be found in, e.g. [FS82, Proposition 1.2] or [CG90, Sec.
1.2].

After the choice of a basis {X1, . . . , Xn} for g, Proposition 1.6.6, Part (a),
implies that the group G is identified with Rn via the exponential mapping; this
means that a point x = (x1, . . . , xn) ∈ Rn is identified with the point

expG(x1X1 + . . .+ xnXn)

of the group. Part (b) implies that the law can be written as

x · y = (P1(x, y), P2(x, y), . . . , Pn(x, y)), (1.20)

where Pj : Rn × Rn → R, j = 1, . . . , n, are polynomial mappings given via the
Baker-Campbell-Hausdorff formula (see Theorem 1.3.2). Indeed in the nilpotent
case, since ad is nilpotent, the Baker-Campbell-Hausdorff formula is finite and
holds for any two elements of the Lie algebra.
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Remark 1.6.7. More is known.

1. Certain choices of bases, namely the so-called Jordan-Hölder or strong-Malcev
bases ([Puk67, CG90]), lead to a ‘triangular’ shaped law, that is,

P1(x, y) = x1 + y1,

P2(x, y) = x2 + y2 +Q2(x1, y1),

...

Pn(x, y) = xn + yn +Qn(x1, . . . , xn−1, y1, . . . , yn−1),

with Q1, . . . , Qn polynomials.

In Chapter 3 we will see that in the particular case of homogeneous Lie
groups, with the choice of the basis made in Section 3.1.3, this fact together
with some additional homogeneous properties is proved in Proposition 3.1.24.

2. The second type of exponential coordinates

Rn � (x1, . . . , xn) �−→ expG(x1X1) . . . expG(xnXn) ∈ G,

may be used to identify a nilpotent Lie group with Rn after the choice of a
suitable basis as in Part 1.

In the particular case of homogeneous Lie groups, with the choice of the
basis made in Section 3.1.3, this fact together with some additional homoge-
neous properties is proved in Lemma 3.1.47.

3. The converse of (a) and (b) in Proposition 1.6.6 holds in the following sense:
if a Lie group G can be identified with Rn such that

(a) its law is a polynomial mapping (as in (1.20)),

(b) and for any s, t ∈ R, x ∈ Rn, the product of the two points sx and tx
is the point (s+ t)x,

then the Lie group G is nilpotent [Puk67, Part. II chap. I].

However, we will not use these general facts.

Setting aside the abelian case (Rn,+), we use the multiplicative notation for
the group law of any other connected simply connected nilpotent Lie group G.
The identification of G with g leads to consider the origin 0 as the unit element
(even if the equality xx−1 = 0 may look surprising at first sight). Because of the
Baker-Campbell-Hausdorff formula (see Theorem 1.3.2), the inverse of an element
is in fact its opposite, that is, with the notation above,

x−1 = (−x1, . . . ,−xn).

The identification of G with g allows us to define objects which usually live
on a vector space, for example the Schwartz class:


